Abstract. In a previous paper, the authors showed that in a reflexive Banach space the lower limit of a sequence of maximal monotone operators is always representable by a convex function. The present paper gives precisions to the latter result by demonstrating the continuity of the representation with respect to the epi-convergence of the representative functions, and the stability of the class of maximal monotone operators with respect to the Mosco-convergence of their representative functions.
Introduction
Let X be a real Banach space. We denote by X * its topological dual and by ., . the duality product in X × X * , that is,
x, x * := x * (x).
The product space X × X * is assumed to be equipped with the norm topology. Whenever necessary, the space X is considered as a subspace of X * * , so that X * × X is a subspace the topological dual of X × X * . The indicator function of A ⊂ X is the function δ A : X → R ∪ {+∞} given by
We use the notation Γ(X) for the space of all lower semicontinuous (lsc) convex functions from X into the extended real line R ∪ {+∞}. The conjugate of f ∈ Γ(X) is the function f * : X * → R given by f (x * ) := sup x∈X ( x, x * − f (x)).
A set-valued operator T : X ⇒ X * , or a subset T ⊂ X × X * , is called
• monotone provided y − x, y * − x * ≥ 0, ∀(x, x * ), (y, y * ) ∈ T,
• maximal monotone provided it is monotone and maximal (under set inclusion) in the family of all monotone sets contained in X × X * ,
• representable [6] provided there is a function f ∈ Γ(X × X * ) such that f (x, x * ) ≥ x, x * , ∀ (x, x * ) ∈ X × X * , f (x, x * ) = x, x * ⇔ (x, x * ) ∈ T.
We denote by
the class of all representative functions and for f ∈ F(X × X * ), we denote by
the graph of the set-valued map represented by f . The class of representable operators can then be synthetically expressed as:
Every representable operator is easily seen to be monotone; the converse is not true. For a nonempty T : X ⇒ X * , we define ϕ T ∈ Γ(X × X * ) by
This function was introduced by Fitzpatrick [4] who showed that it represents T whenever T is maximal monotone, in which case it is actually the smallest representative function of T . See, e.g., [4, 6, 5] and the references therein for more details. Moreover, we have:
Let X be a reflexive Banach space and let f ∈ F(X × X * ). Then, L(f ) is maximal monotone if and only if f * (x * , x) ≥ x, x * for all (x, x * ) ∈ X × X * .
In view of Fact 1.1, it is natural to also consider the class
of all representative functions of maximal monotone operators. Fact 1.1 can then be rewritten as: in a reflexive Banach space X,
Let (T n ) ⊂ X × X * be a sequence of operators from a Banach space X to its dual X * . The lower limit of (T n ), with respect to the strong topologies in X and X * , is the operator
A sequence (f n ) ⊂ Γ(X) is said to epi-converge to f , written f = e−lim n f n , provided that at each point x ∈ X both of the following conditions are satisfied:
(i) there exists (x n ) convergent strongly to x with f (x) = lim n f n (x n );
(ii) whenever (x n ) is strongly convergent to x, we have
A sequence (f n ) ⊂ Γ(X) is said to Mosco-converge to f , written f = M−lim n f n , provided that at each point x ∈ X both of the following conditions are satisfied:
(ii) whenever (x n ) is weakly convergent to x, we have f (x) ≤ lim inf n f n (x n ). Of course, in a finite dimensional space X, epi and Mosco convergences are the same.
and f ∈ Γ(X). Then, f = M−lim n f n if and only if f * = M−lim n f * n . Let X be a reflexive Banach space supplied with a strictly convex norm whose dual norm on X * is strictly convex. Under these assumptions, the duality mapping J : X ⇒ X * given by
is single-valued, bijective and maximal monotone, and a monotone operator T : X ⇒ X * is maximal monotone if and only if the operator J + T is onto (see, e.g., Rockafellar [8] ). Moreover, in that case, the operator (J + T ) −1 is single-valued on X * . According to this result, for any maximal monotone operator T n : X ⇒ X * and any (x, x * ) ∈ X × X * , there is a unique solution Under the above assumptions on X, let (T n ) ⊂ X × X * be a sequence of maximal monotone operators.
(1) If lim inf T n is not empty, then for every (x, x * ) ∈ X ×X * the sequence (J Tn (x, x * )) n of solutions of the inclusion (1.1) is bounded.
(
Using the above Fact 1.3, we showed in [5, Theorem 3.3] that, in a reflexive Banach space, the lower limit T = lim inf T n of a sequence of maximal monotone operators (T n ) is always representable. The aim of the present paper is to bring precisions to this result. In Theorem 2.2 below, we establish:
(1) the continuity of the operation f → L(f ) with respect to the epiconvergence of the representative functions in F * (X × X * ), (2) the stability of the class of maximal monotone operators with respect to the Mosco-convergence of their representative functions.
As an application of this theorem, in the last section we establish analogous results concerning the monotone operators defined as diagonals of subdifferentials of convex functions.
Convergence of representative functions
We first observe that the class F(X × X * ) is stable under epi-convergence and the class F * (X × X * ) is stable under Mosco-convergence: Proposition 2.1. Let X be a reflexive Banach space.
Proof. (1) It follows directly from the definition of epi-convergence that f belongs to Γ(X × X * ). Let (x, x * ) ∈ X × X * . By (i) in the definition of epi-convergence, there exists a sequence (x n , x * n ) converging to (x, x * ) such that lim n f n (x n , x * n ) = f (x, x * ). Since f n ∈ F(X × X * ) for every n ∈ N, one has x n , x * n ≤ f n (x n , x * n ) for every n ∈ N. Hence, x, x * ≤ f (x, x * ). This shows that f ∈ F(X × X * ).
(2) By Fact 1.2, we have both f = e−lim f n with (f n ) ⊂ F(X × X * ) and
Theorem 2.2. Let X be a reflexive Banach space and let (f n ) ⊂ F(X ×X * ) with T n := L(f n ) maximal monotone.
Proof. According to Asplund [1] , there exists an equivalent strictly convex norm on X whose dual norm on X * is strictly convex. Since the statements to be proved do not depend on the norms in X and X * , without loss of generality we can assume that the given norm on X is strictly convex as well as its dual. This allows us to use Fact 1.3.
(1) By Proposition 2.1, f ∈ F(X × X * ). Let T := lim inf T n . We claim that T ⊂ L(f ). Indeed, let (x, x * ) ∈ T . By definition of lim inf n T n , for each n ∈ N there exists (x n , x * n ) ∈ T n such that (x n , x * n ) → (x, x * ). Since T n = L(f n ), for every n ∈ N one has f n (x n , x * n ) = x n , x * n . But it follows from the definition of e−lim n f n that lim inf n f n (x n , x * n ) ≥ f (x, x * ), hence
Since f ∈ F(X × X * ) we also have x,
For each n ∈ N let x n = J Tn (x, x * ) be the solution of the inclusion (1.1). According to Fact 1.3 (2), to prove that (x, x * ) ∈ T it suffices to show that x n → x. Let ((y n , y * n )) n be a sequence in X × X * such that lim n f n (y n , y * n ) = f (x, x * ). Since f n is a representative function of T n , for every n ∈ N one has f n (y n , y * n ) ≥ ϕ Tn (y n , y * n ). Hence
Since x * − J(x n − x) belongs to T n (x n ), we derive from the definition of ϕ Tn that for every n ∈ N, ϕ Tn (y n , y * n ) ≥ y n − x n , x * − J(x n − x) − y * n + y n , y * n = y n − x n , x * − y * n + x n − x 2 + x − y n , J(x n − x) + y n , y * n . By Fact 1.3 (1) , the sequences (x n ) and (J(x n − x)) are bounded, so passing to the limit in the above inequality we get
Combining with (2.2), we obtain
This shows that x n → x. The proof of (1) is complete.
(2) We know from (1) that lim inf T n = L(f ). Since T n = L(f n ) is maximal monotone, the sequence (f n ) lies in F * (X × X * ) by Fact 1.1. Hence f ∈ F * (X × X * ) by Proposition 2.1. We conclude from Fact 1.1 again that lim inf T n = L(f ) is maximal monotone.
It may happen that the lower limit lim inf T n is not maximal monotone, in which case according to Theorem 2.2 (2) there is no Mosco-converging representative functions of T n . Here is an example: Example (taken from [5] ). In R×R, let T n = {0}×R for even n, T n = R×{0} for odd n. Then, each T n is a maximal monotone operator with convex graph, the lower limit lim inf T n = {(0, 0)} is certainly representable but not maximal monotone; so, there is no representative functions of T n which is epi-converging (=Mosco-converging).
In fact, for a sequence of maximal monotone operators with convex graph like in the above example, the maximal monotonicity of the lower limit can happen only if the sequence of operators can be represented by an epiconverging sequence of representative functions. More precisely: Theorem 2.3. Let X be a Banach space space and let (T n ) ⊂ X×X * be a sequence of maximal monotone operators with convex graph. If T := lim inf T n is maximal monotone, then the sequence (ϕ Tn + δ Tn ) of representative functions of (T n ) epi-converges to ϕ T + δ T , a representative function of T .
Proof. Since T n is a maximal monotone operator with convex graph, the function f n := ϕ Tn + δ Tn is indeed a representative function of T n . We show that the sequence (f n ) epi-converges to f = ϕ T + δ T , that is, for every
. We consider two cases.
Case 1: (x, x * ) / ∈ T . Let ((x n , x * n )) ⊂ X × X * be any sequence converging to (x, x * ). Since T is maximal monotone, there exists (y, y * ) ∈ T such that y − x, y * − x * < 0. But T = lim inf n T n , so for each n ∈ N there exists (y n , y * n ) ∈ T n such that (y n , y * n ) → (y, y * ). By continuity of the duality product, we derive that y n − x n , y * n − x * n < 0 for large n, which implies that (x n , x * n ) / ∈ T n for large n, because T n is monotone. Therefore,
This shows that (i) and (ii) are satisfied.
Fix (y, y * ) ∈ T . Then, for each n ∈ N there exists (y n , y * n ) ∈ T n such that (y n , y * n ) → (y, y * ). It follows from (2.
Since (y, y * ) ∈ T was taken arbitrarily, we conclude that
Combining the two previous theorems, we immediately obtain: Theorem 2.4. Let X be a finite-dimensional space and let (T n ) ⊂ X × X * be a sequence of maximal monotone operators with convex graph. Then, lim inf T n is maximal monotone if and only if there exists a sequence (f n ) of representative functions of (T n ) which epi-converges.
Representation through subdifferentials
The subdifferential of f ∈ Γ(X) is the set-valued operator ∂f : X ⇒ X * defined by
Given h ∈ Γ(X × X * ), Fitzpatrick [4] considered the operator T h ⊂ X × X * defined by
It is readily seen that the function g(x, x * ) := (1/2)(h(x, x * ) + h * (x * , x)) belongs to F(X × X * ) and that T h = L(g). Fitzpatrick [4, Corollary 3.5] notes that every maximal monotone operator T can be represented this way, namely T = T ϕ T .
Theorem 3.1. Let X be a reflexive Banach space and let (f n ) ⊂ Γ(X × X * ) with T n := T fn maximal monotone. If (f n ) Mosco-converges to f , then T f = lim inf T n and lim inf T n is maximal monotone.
Proof. Let g n (x, x * ) := (1/2)(f n (x, x * ) + f * n (x * , x)). Then, g n ∈ F(X × X * ), T n = L(g n ) is maximal monotone and by Fact 1.2, the sequence (g n ) Mosco converges to the function g(x, x * ) := (1/2)(f (x, x * ) + f * (x * , x)). Hence, by Theorem 2.2, lim inf T n = L(g) = T f , and lim inf T n is maximal monotone.
Corollary 3.2 (Attouch [2] ). Let X be a reflexive Banach space and let (g n ) ⊂ Γ(X). If (g n ) Mosco-converges to g, then ∂g = lim inf ∂g n .
Proof. Let f n (x, x * ) = g n (x) + g * n (x * ). Then f n ∈ Γ(X × X * ) and T fn = ∂g n ([4, Example 3]). By Fact 1.2, (f n ) Mosco-converges to f given by f (x, x * ) = g(x) + g * (x * ). Since T fn = ∂g n is maximal monotone, we may apply Theorem 3.1 to derive that T f = lim inf T n . As above T f = ∂g. In other words, ∂g = lim inf ∂g n .
